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(Tensor-product) space-time FEM

Idea: time-dependent PDE
» space: standard continuous Lagrange finite element
> time: use DG (dG(k)) or FEM (cGP(k))

Advantages:

> variational time discretization — natural integration with the variational space
discretization and natural capture of coupled problems and nonlinearities

» advantageous for duality and goal-oriented adaptivity in space and time [Schmich and
Vexler 08, Bause et al. 21, Besier & Rannacher 2012, Roth et al. 2023]

» unified approach to stability and error analysis [Matthies and Schieweck '11]

» solves multiple time steps at once — relation to “parallel in time” algorithms [Gander '15,
Ong and Schroder '20, Falgout et al. ’14,’17]
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Considered equations
» heat equation
ou—V-(pVu)=f

» convection-diffusion-reaction equation
Ju—V-(eVu)+b-Vut+oau=f

> Stokes equations
ov—VvAv+Vp=Ff, V.v=0

» Navier—Stokes equations (WIP)
ou—vAu+(u-V)u+Vp=f,

> wave equations

V.-u=0

diu—v =0,

ov—V-(pVu)=f
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Considered equations

> heat equation » wave equations
Ju—V-(pVu)=f ou—v=0, qv—-V-(pVu)=f
Table of content:
» convection-diffusion-reaction equation 1. space-time multigrid
du—V-(eVu)+b-Vu+au=f 2. block preconditioning

> Stokes equations
ov—VvAv+Vp=Ff, V.v=0

» Navier—Stokes equations (WIP)
ou—vAu+(u-Viu+Vp=Ff, V-u=0
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Considered equations

» heat equation

ou—V-(pVu)=f

» convection-diffusion-reaction equation

u—V-(eVu)+b-Vut+au=f

> Stokes equations
ov—VvAv+Vp=Ff, V.v=0

» Navier—Stokes equations (WIP)
ou—vAu+(u-V)u+Vp=Tf,

» wave equations

du—v=0, dv—-V-(pVu)=f

Table of content:

V.u-=

1. space-time multigrid
2. block preconditioning

N. Margenberg and PM, “A space-time multigrid
method for space-time finite element discretiza-
tions of parabolic and hyperbolic PDEs”, sub-
mitted, 2024.

N. Margenberg, M. Bause, and PM, “An hp
multigrid approach for tensor-product space-
time finite element discretizations of the Stokes
equations”, submitted, 2025.
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Part 2:
Solution procedures
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Tensor-product space-time FEM

Idea: time-dependent PDE
» space: standard continuous Lagrange finite element
> time: use DG (dG(k)) or FEM (cGP(k))

dG(k) cGP(k)

test/ansatz

0 1
jump: [we p) = wi —wy,

test

ansatz

|

| |

1

0 1

continuity condition: w;| = w;,
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Algebraic system for dG(k) discretization of the heat equation
Local algebraic system at n-th time step

(M; @ Ap+ A; @ Mp) up = My @ Mpf,+ o0 @ Mput
=8
with (M), ;=1 [;E(DE(dal, (A0, = [EDE(H)d
Multiple-time-steps system

Let B := 14411 ® a ® My, then we collect consecutive time steps ny,..., ne
S up, M. Mpf, +oc®M,,uﬁ1’_1
_B S Un2 MT ® thn2
-B S Up,—1 M: @ Mpf,,_+
—B S Unc M‘L’ ® thnc
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Algebraic system for cGP(k) discretization of the heat equation
Local algebraic system at n-th time step

(M:® Ap+A; @ Mp) up = M @ Myf,— B & Myfy' | + (B ® Ap+ @ My) ul
=8 :;,b

with (M), ; 4 =7 [ §Hd(d)dt, (A = AGLIGLIR
Bi=th&Mwddl, o= [EMPDdE, i=1, k j=2. k+1
Multiple-time-steps system

Let B =14 ® b, then we collect consecutive time steps ny,..., nc
S Up, M»;(}?thn1 ﬁ@Mh Ne 1+b®un1 1
B S Un, M. ® thn2 B My £
-B S Un, 1 M. ® Myf,, 1 —[3 @ Mpf))
-B S Un, M @ Myfo, — B @ My,
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Space-time multigrid

To solve
S up,
—B S un2
-B S Up,—1
-B S un

c

we use GMRES with space-time multigrid [Hackbusch ’85, Gander and Neumidiller *16]:
» h- and p-multigrid both in space and time
» first coarsen p and then h
» simultaneously coarsen in space and time
» smoother: additive Schwarz (element-centric patches)
— full matrices with O(kp“) rows/columns
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4 ltiari
Space-time multigrid Software:

&2 deal.Il

To solve
S up,
-B § up,
- B S UnC_1
-B S un

c

we use GMRES with space-time multigrid [Hackbusch ’85, Gander and Neumidiller *16]:
» h- and p-multigrid both in space and time
» first coarsen p and then h Next:
» simultaneously coarsen in space and time

» smoother: additive Schwarz (element-centric patches)
— full matrices with O(kp“) rows/columns

1. evaluation of §
2. transfer operator
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Space-time multigrid: Matrix-free operator evaluation

Operator S = (M. ® An+ A ® My) is never assembled but directly applied to u,:
v=Su= (MT ® Ih)(’f & Ah)u+ (Af & Ih)(lq; & Mh)u

implying two steps:
1. apply Ax/M}, to each block > (I: @ Ap), (I: @ Mp)
2. compute linear combination using A;/M. > (M 21p), (A 21p)

Furthermore: application of Ap/My, is efficiently implemented in a matrix-free way
[Kronbichler & Kormann, *12].
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Space-time multigrid: transfer operators

Heart of deal.ll's multigrid infrastructure: transfer operators

/ ] base transfer class \ \

’ geometric transfer ‘ polynomlal transfer ‘ ] non-nested transfer \ t|me transfer \

Clevenger et al. '20, PM et al. 23 PM et al. '23 Feder et al. 24

v

also working for multivectors: u() = (I:® Ph)u(c)

Time transfer:
» prolongation as operation on multivectors

ul) = (P2 1,)ul®

.. L2 projection; P: different for geometric/polynomial coarsening

> restriction as adjoint of prolongation operator
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Part 3:
Application: heat equation
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Numerical experiments

Test setup
» cG(p)-cGP(k) and cG(p)-dG(k) methods, p =k, k € {2, 3, 4,5}
> heat equation with thermal diffusivity p = 1
> prescribed solution with f =2

u(x, t) =sin(2xft)sin(2rfx)sin(2xfy)sin(2rfz)

Study the errors e, = u(x, t) — ur, n(x, t) in the norms given by
%
leullequoy =max (suplleul.) Tl = ( [ [ s oxar)”.
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Numerical experiments (cont.)
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Figure: Computed errors for the displacement u for different polynomial orders p = k for
CG(p) — DG(k) discretizations of the heat equation. The expected orders of convergence k + 1,
represented by the triangles, match with the experimental orders.
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Numerical experiments (cont.)

cG(p) — dG(k) single time step cG(p) — cGP(k) single time step
K\ r 2 3 4 5 6 k\r 2 3 4 5 6
2 9.0 9.75 9.00 8.875 8.656 2 9.0 9.75 9.25 8.875 8.688
3 120 11.75 10.88 10.188 10.563 3 12.0 12.00 10.88 10.188 10.594
4 145 1400 12.88 11.813 11.781 4 145 1400 12.88 11.875 11.781
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Numerical experiments (cont.)

cG(p) — dG(k) single time step cG(p) — cGP(k) single time step
K\ r 2 3 4 5 6 k\r 2 3 4 5 6
2 9.0 9.75 9.00 8.875 8.656 2 9.0 9.75 9.25 8.875 8.688
3 120 11.75 10.88 10.188 10.563 3 120 12.00 10.88 10.188 10.594
4 145 1400 12.88 11.813 11.781 4 145 1400 12.88 11.875 11.781
cG(p) — dG(k) 2 time steps at once ¢G(p) — dGP(k) 2 time steps at once
K\ r 2 3 4 5 6 K\ r 2 3 4 5 6
2 10.0 10.0 10.0 9.60 9.234 2 10.0 10.0 10.0 9.75 9.484
3 120 12.38 11.75 10.88 11.484 3 128 13.00 11.75 10.875 11.484
4 15.0 15.0 13.75 12.88 12.75 4 15.0 15.00 13.75 12.875 12.75
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Numerical experiments (cont.)

L? - I*(u)

—o— k = 2(1 step)
—e— k = 2(2 steps)
—— k = 2(4 steps)

-- CG-DG

—=— k = 3(1 step)
k = 3 (2 steps)

—0— k = 3 (4 steps)
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Outlook

N. Margenberg and PM, “A space-time multigrid method for space-time finite element discretizations
of parabolic and hyperbolic PDEs”, submitted, 2024.

» deformed meshes and heterogeneous coefficients

> wave equation:

Ni
n—1>

(M:® Ap+AcM; " Ac @ Mp) Up = My @ Mpf+ 0 Mpvyy'  + AcM; o @ My ult
| Y —
=8 =D

Vo=M;"Au,— M; " ou

—1 1 N, 1N,
Vo=M_"Au,—M_ 'au,' ,+M; ' Bv,",

(M: @ Ay+AM; ' Ac @ My) up = My @ Myf — B @ Myfyy'
=8

+ (B A+ AM; o Mp)ul | + (0 — A:M; ' B) @ Myvh

» scaling studies with 20,556 MPI ranks
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Part 4:
Application: Stokes equations
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Solution procedure

dG(k) space-time formulation: Find (V,, P,) € RETDM* M) g 1ch that

K'oMp+M,2A, M,2B)\ (Vi _(Fo Lcie M, V...
M:® By, 0 P, 0 0

The global discrete solution spaces are defined by the tensor products
th=YE(N@VIT(Q), H,=Y()® i),
with

Vit (Q) ={vhe V : vax € Qf, (K) forallK € Ts} NH(Q),
Qi(Q) :={gne Q : gnx € PI*°(K) forall K € Tp}.
Preconditioner: space-time multigrid with additive Vanka smoother (element-centric patches

consisting of v and p)
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Numerical experiments

Model problem on the space-time domain Q x / = [0,1]? x [0, 1] with prescribed solution
given for velocity v: Q x | — R? and pressure p: Q x | — R by

. sin?(mx)sin(zy) cos(my)
v(x, ) =sin(t) (sin(ﬂx) cos(mx) sinz(n'y)> ’

p(x, t) = sin(t)sin(mx) cos(mx)sin(my)cos(my).

We set the kinematic viscosity to v = 0.1 and choose the external force f appropriately.
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Numerical experiments (cont.)

Table: Number of GMRES iterations until convergence for different polynomial degrees r and numbers

of refinements r with Q2 , /P%° discretization of the Stokes system.

h-multigrid in space

r\k 1 2 3 4 5 6
2 140 150 150 140 13.0 10.6
3 19.0 179 189 183 164 14.0
4 240 268 247 246 214 184
5 26.0 264 288 277 247 219
6 350 339 346 309 296 26.9
7 40.0 388 396 36.7 345 319

hp STMG
r\k 1 2 3 4 5 6
2 14.0 150 150 14.0 13.0 10.6
3 19.8 159 16.0 150 13.7 11.0
4 278 23.0 229 219 19.0 155
5 31.0 264 266 228 187 149
6 450 36.1 36.7 29.0 23.1 17.2
7 50.8 43.8 428 328 256 19.6
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Outlook

N. Margenberg, M. Bause, and PM, “An hp multigrid approach for tensor-product space-time finite
element discretizations of the Stokes equations”, submitted, 2025.

» lid-driven cavity

Pressure
2002 00 S0 O 50 100 150208002

» scaling studies with 13,824 MPI ranks
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Part 5:
Block preconditioners
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Motivation

» space-time multigrid is a monolithic and robust approach, however, needs expensive
smoothers (here: element-centric additive patch smoothers)
» efficient implementation of patch smoothers: still open research; examples:
» Pazner and Persson '17 — SVD-based tensor-product preconditioner
» Brubeck and Farrell '21 — vertex-star relaxation
> alternative: block preconditioning — use cheaper smoothers on blocks; examples:
» for space-time FEM: Danieli et al. 22
» for IRK: Southworth et al. ’22, Axelsson et al. '20, 24, Dravis et al.24, PM et al.24

stage-parallel IRK
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Stage-parallel implicit Runge—Kutta preconditioning (cont.)

PM, I. Dravins, M. Kronbichler, and M. Neytcheva, “Stage-parallel fully implicit Runge-Kutta implemen-
tations with optimal multilevel preconditioners at the scaling limit”, in SISC, 2022.

. cg | A
For a linear system of equations, IRK has the form: ... Butcher tableau: —2 b?
Q
Q
Unit =Un+7T Y bokg w. (Ag' @M+1tlo®K)k= (A ®1n)d—(Ag' ® K)(eq®up)
q:1 ~~
A

Following Butcher [1976], A can be factorized, using A51 = SAS~1, and explicitly inverted:
A=(SOL)AOM+1lgeK)(S'l,) A =(Sal)(AoM+1tlpoK) (S ol,).

Axelsson, Neytcheva [2020] proposed real-value preconditioner (LU = A51 — L=S8AS§):
P = (8L (AeM+TlowK) (8 ®1,).

... Q stages can be solved in parallel! Helmholtz operator — multigrid
24/29



Stage-parallel implicit Runge—Kutta preconditioning (cont.)

Main resulis:

» for the first time shown

» performance model:

Z NG vs.
1<9<Q

» application also to advection/diffusion; extension to nonlinear equations?

: stage parallelism shifts the scaling limit

[—r=71—1¢=s

L =9-x- IRK -8 SPIRK |

k=1

107
g0 g
x x
o
g 3 10
s s
z = g
x 10 U )
2 =) )
IRK
10! —
102 107! 10 10" 10! 10° 10!
sec / it

... clear speedup for < 10k DoFs per process!
minimize lin. iterations performed in serial, speedup limited by Q

max Ng
1<g<Q

(b) parallel IRK with 3 processes

(c) stage-parallel IRK with 3 processes
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Implicit Runge—Kutta methods vs. space-time FEM

» implicit Runge—Kutta method: U1 =up, + TZ§:1 bgkg with
(Ag' @M+ Tl K)k = (Ag' @ In)(g —eq® (Kuo))

> space-time FEM with dG(k): up,+1 = kg with

Observations:

(’2‘51 @M+ 1lo® K)k = 19+ & ® (Mug) > system matrix: same structure
> different coefficients

and Ay' = M;"A;, 6 = M; '« > different rhs

» space-time FEM with cGP(k): uny1 = kg with

(A @M+ Tl K)k =g — tB © 8o+ (Tf @ K + & ® M)ug

and Ay = M;'A;, & = M; ', and f = M, "B

26/29



Numerical results
2D setup (similar as above):
u(x, t) =sin(2xft)sin(2rfx)sin(2xfy)

We set f =1, 7=0.1, and run 10 time steps. Preconditioner on block: 1 V-cycle of geometric
multigrid with Chebyshev smoother around point Jacobi.

Preliminary results:

r IRK(Q=2) dG(k=2) cGP(k=3) r IRK(Q=5) dG(k=5) cGP(k=6)

4 4 4 4 3 7.9 7.9 7.9
5 4 4 4 4 8 8 8
6 4 4 4 5 8 8 8

Same number of iterations!

For complex variant, see: Werder et al. [01], Banks et al. ['14]
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Part 6:
Conclusions & Outlook
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Conclusions
> space-time multigrid for space-time finite-element computations

> matrix-free implementation

> simple implementation with deal.ll

» smoother: additive Schwarz (element-centric patches)
» robust but expensive

» application: heat equation and Stokes equation

> alternative: block preconditioners — preliminary results

Outlook
> efficient patch smoothers
> block preconditioning
> application: Navier—Stokes equations [Anselmann and Bause '23]
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